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In this paper, the Wave Finite Element Method (WFEM) is developed for modelling of stress wave
propagation in one-dimensional problem of nonhomogeneous linear, anisotropic micropolar rod of
variable cross section. For this purpose, the WFEM equations are developed based on the micropolar
theory of elasticity. Two kinds of waves with fast and slow velocities are detected. For micropolar
medium, an additional rotational Degree of Freedom (DOF) is considered besides the classical
elasticity’s DOF. The method proposed in this paper is implemented to solve the wave propagation and
impact problems in micropolar rods with different layers. The results of the proposed method are
compared with some numerical and/or analytical solutions available in the literature, which indicate
excellent agreement between the results.
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Fig. 2 Axial displacement and rotation of a micropolar rod from its
initial to a deformed formation

9 adgl Cll 90 50 Va9 ,Sa abie S 90 5 69700 a2 S5

® states
# anisotropic
® constitutive parameters

407

To Vo(X) To"
«—— —> —> —> —> —> —> —> | —>

P v
£ A

L
Fig. 1 A One-dimensional elastic rod

StV (goSs abee SO 1 S

sgame Slall sy ol alee ol gl g o Jlasl abe slecl

edes Jlosl 25 &jg0 4 oo

P IS e anld s e B Ax = L/0 5k a pllina ale @
oS 09l el AL = AX/C SzsS Sloj slaplS @ Loy Jsb
zoe el Cepm 0 = E/p 5 s s 1, oLl ojlasl Ax
Cowly Ceoms 43 € VL (Gl atpuci¥l Joow E) ol Jobo
Sbedl Gz G oaimo Lis «» cdle oS Sl 15w jls o,Lil L]
oW

Sygo 4 bl s oS s J = 12,0, NS00 4 ol e
a5 Sglige B Wb 8o lesj=12,..,n+1
oty Sloy B sl jo o) 17 atens Gloj (slaaland
ol oy Jals) ] gl IS 53 c2leSy glace 5 a s
azaly oad Lasie gkl paS ol s (5530 55 ool
Gy o Cepw g GRS Wb Gl S (o3 (pl 4
Wy e o Sl L FanS (pl 092 vl pslne slagledl
g el LBl 3929 Wllg (o0 Sz g5 Sl Sloj Al Sy o Laid
Gl (25 war glace 5 bt ath Sl abhed 5wl

3 ey G G mae sl Ll o KinS ol ans @
OO pelae b o dals € ol Cep L jglne slaploll 405 50
Jsb 35 2,5 bl s b o a5yl 5 wlas 6,b5ls cloalolas
4 goe M Ll wnld plgiee WS o e A Gl el
5 Olell by 5o ;R00Ss @ zoe ez (nl Doy SRSy S
5L Gln 0,8 a1y Gl 6l pe Caas @ lazge (ol LSS
57 Sl lsd o Sloy slapls Jsb 5o S g GRS et g0
IS ln omizmen 5 g0 Slall ja (slp s ok 4wl ey
sglre slapledl S xine slao)S o b glals aisgh 05510 Jus
Dygpe & Gloy ol 8 50 5 e dlngy gae Ll anl S 5
WSS s yeess Auy = v AL

Sl o s wae T Sobdas cllb Sy A Gl o Gl ey @
23 oo |y Slowlore aiylyd 1S5 o5l a5 098 0 1,8 5

ool Lolazsl bapladl slao,S b Ll Jsb ,3 o)l slagys @
WS oS Wil oo Sloj oS ST o Lk Lag i (prizmen i o0
slie (23 0g wilss cob by o5 cnl Jsb 0 o 5 s
e e i35 L 53 o S slacae o sl

Sl el Wl e (Sl el T Kooy L by i s
oS 0 olals 5 e Lol ((Soliolas gw) wile walg>
S (0 355 a Sz gl e

sl ) ool Lt* Sloy absd o) Sl o o cuxsy @
5 et Sy 5 ST ET psbre saglall g Glodl 593 psles
Gy aseie Sloj o Jsb o o] lae S 4 euiiS I gl

! Jaws of mass and impulse conservations
2 quasi-static state

5 oplaids 17 055 1396 3l yo o0 Suillo wise



B ol 9 Shlyse puze

T9° 39370 Yloll Aidlydrungs (g Jl o dLaianl by )Y 929 )Sa0 (SI23 S Alao Y Y3 Zge Yiiil 5 w3

2 S US4 Slagly 5 5 psiese slosi Jlae! b ojbss
ab) s wj slagly 5V e wasr slace AL Sl o8 Jsb
S5 o dale (24,23) by, &y 4 b =ty + AL
(T +177)At

v = U',O

J J ( pi_Aij]_) 23)

H' + H: )At;

N G I B
wWj = Wjo P C4ij]_ 4

g1y (26,25) Ly, o)y (24,23 ,21-18) Ly, 5l solizal b

v =v + v — v, 25)
w; =] + ] —wjg (26)

(28,27) Lajlg, 5l eoliiwl b olgs so |y (2,5 wyaz olyg0 5 slral>

:\3)5" Cewddy

+_ ot +
=, +viAL @n
Vi =9, + oAy 28)

Sheslaiwl b b ylodl o S yiiie 50 50 Jols b i g 6,550 b s
S o &1, (31-29) Ly,

vi,=v, wi, =) @9
T} =Tty =T = 0.5n,v;(Ax; + Axj_;) = 0 30)
H; — Ht | — Hi — 0.5n,w;(Ax; + Ax;_;) = 0 @

At Sloj ol slaps oty alaod o b el (ooles lo jslare @
Ly, 4 ke o5 oS o 6,5l (31-29) Ly, 5 1, 21-18) L,

9Nt )
1]]._ =
p]A]Ax]V]’O + p]'_lA]'_le]'_lvj_l’o
p]A]Ax] + pj—lAj—lej—l + OST]VU](AXJ + ij_l)Ati
(T + Tjo — Tj-1,0)At;
p]A]AX] + pj—lAj—lej—l + OSUVU](AXJ + ij_l)Ati
32)
w; =

PjCaAXjwjo + pj_1Cs;  AXj_1 @)1,
pjCa,A%; + pj_1Cy, Ay + 0.5n,0; (Ax; + Ax;_; )At;
N (H} + Hjo — Hj_1,0)At;
ij4ijj + Pj—1C4j_1ij—1 + 0.517wa)j(ij + ij_l)Ati
(33)

5 gy Sl oolial bogedpe 5 (29 GloAS dlne oz
5,5 oslitul (B7-34) Ly, §1 osioce «21-18) Laly, (slalae
Gyl = Gy)T,

g =—2— 1" (34)
! C32j — (G,

— G,y — CuHyy 35)
! C32j — (G

;= Cy,8 + C3. (36)

Hj = C3J-€j + Czj)’j €2))

IS sly @55l Jols (sl sl eolitul paz U5 (6550 Jol 5l sl
Dy g0 digi (38) alal) Ojgo 4 g

n

> (8K, + 8P, - AW) = 0 38)

j=1

ably, Syge 4 AP =Pi—Pig sAK =K —Kjp o » &

5 oplaids 17 095 1396 3l o (o0 Suilfo wdise

AL akly ©j50 @ plall 2 6l Vays,Se0 als jo (25,5- 25 alal,
g oo &l
Ojo = C15j,o + C3Yj,o' Ko = C35j,o + Cij,o- an

abod 3 1)) pledl (Sl Sloogas Gl oo Laly) cnl il L
(12) alayl, 3 oolisil b iz (551 pshaie ol (slys -0y5] Camsdds £y
B9 o dmlone

28 WS ole | dlas el (ol G g ghaiie g 4
Sz gl Jol ool L 5550 6 Sl S5 slotiS
25 se @l (13) by bawsgs (£25,5 (53,

Pjo = %xjp (Cl (uJ'TO - uJTO)Z +26; (ujJ,rO - u]TO)

x (Wi — ¥50) + (W0 — 1/’1‘_,0)2) a3

Lol e o plll & euS 5T Hy slaglos 5 Tjy slogyes

iy (15,14) Lulsy &j50 @ (g0

T = okt = e (6~
+C3 (‘p;o - 1!’170)) 14)
o= g = e (Caifo = 172)
+Co (W0 — Vi) 15
Al 55 Oygo arly (16) alad, o] o a8
Tjo = ~Tjor Hjo =—Hjo 16)

L ghio mhw o o) Gl Glp A Hig olee 9Tjo 90
g_za ) (17) aba, 5l esli

Tio =T an

—yt
j J,0’ H',O—H‘

] J,0
56T (sl Giloj o8 sk yo (slaysls paitese 5 (s paiiase (yilss
Ly, Sype a4 Glagly 5 Job oo sloce,w b low g 905 Lal

Lig oo s (21-18)

(Vi1 = vj_1,0)Pj-14j-1 0%,
T+ =T._ j-1 J—1,0)Fj J j 18)
j-1 j—1,0 + Ati
T =-Tjo+ (v - vgot)ijijj @
i
9
H1'+_1 =Hj_10+ (wj_l w]_l'O)pj_1C4j_1Ax]_1 20y
’ ( ) At;

_ Wi — W ij4]_ij 2

Hi = —Hjo+ At b

Sasl los 5 T/ = =10 " (25 595y SlShasl (55,5 5]
plsl 5 wgs Jloslj (315 o8 a HT = —1,0; )l j95es
Sy se (22) alaly s bag e ol bawgs adly
AW; = (Tfv; + H w;) Aty = —(ny 7 + nw?)At; (22)

ijr 9 ijr g xS g0 LS 1) 598y cal po M 9 Ny il ool o
sloslatul b cwl b 568y o) (Sl los g g0 oaims i
gy b ()5 (SBhsl Glog s cnl zge dguome DLl (g, sla 52
7B H Glagles 5 T slag i b a5 Wigdoo (2350l Jobee (08
Nyl oz

! Hamilton’s principle
2 external viscous friction force

408



B ol 9 SB) e puxe T9° 39370 Yloll Aidlydrungs (g Jl o dLaianl by )Y 929 )Sa0 (SI23 S Alao Y Y3 Zge Yiiil 5 w3
1.2 T T T T T
= = Present Method 2wl (39)
Analytical Solution
1 n Nt n
= 08 ; b £
2 =1 i=1j=1
o = = < 5 . E
Z 06 A Koo als (gl am0 oo dl)I 1) by rinl by o SO g, ol
=
%‘ 04 Cowyd el Ha sl (655 Jobss g ol LSS Lapladl IS (6l At Sibe
£
5 YRy P
Z 02 Caai
0 Soue sl Jlo -4
_0‘20 1 2 3 4 5 p (ool sladloles cds 5 Coo iomiw lp Jle mu iS5 ol o

Normalized Time
Fig. 5 Normalized rotation at the midpoint of the micropolar rod for the
first example

Jgl Je ;Y5058 ale Loy 50 Jloyi o)l)90 5 S

0.5 T T T T T T
— = = Present Mcthod
Randow and Gazonas (2009)

Normalized Stress
A

Normalized Time
Fig. 6 Normalized stress at the midpoint of the micropolar rod for the
first example

Jol Jle ¥sr9,50 abeo Lawsg ;o Jloy (25 6 JSi

A/2<S xS 1) pgs a¥ &5 Jo 0 Vaps Sen e (0 < x < 1/2)

Y 90 ol 6l Sl sl el )l el ool a3 )T Jlas 0 Va9 S

0<<x< 1
SX = 2
C; =10.8, C, = 108,
C; =107¢, C, = 0.02743 x 10° 43)
1
3 <x<1
C; =10.8, C, = 10?2
C; = 27.57, C, = 0.02743 x 10? 44)

odd &l @Lijl.gx=0.6jx=0.4)é @};Suiag)@by,a @L.:
oo ool lis 9 9 8 sla S o 5 oud awglie [35] & 50

J> sl Cuien b goe dgaome plll (g, Ceul (aiine oS blen

T,H ] |

— X 4
’IL 1/2 ’IL 1/2 ’IL
’IL 1 ’IL
Fig. 7 A two-layer 1D micropolar cantilever rod subjected to a
constant force and moment
Olos g 9y Sl o Y g0 Vo9 Soe (g G yslils alo S5 7 S
ol

409

M98 ae Jlus J> sl zoe dgame lall (g, Sl izeen
Ailoas e0ls iules amy o b o o]zl a5 wileads J>

G SO )Y 929,50 Helils alo -1-4
$)Lad 595 Sl cod am S Vg S kil ales Sy Censs Jle
USt) sode Jlael £ = 0 ey o SeST b & a5 el 0N ol

el o0y il (A0) el g0 4 (5 5L (sl sral )l (3

€,=108. C,=1. Ci=-1, C,=0.02743 «0)

(42) aaly ©y50 a3 (5550 Ll g (A) Ay &j50 4 adgl Lyl
ol

Vjin = 0, Wjin =0

uh, =0, Y, =0, j=12..n @1

T =T, H{=Hy vi=0 wf=0 é2)

2 dee Loy 1o G135 g ()90 (olrale Sloy iy 4 by ol
el o5 s 525 gl 5 g 0 o0l i 6-4 (gla IS

aY 99 gun S Yer9,50 HeliilS alro -2-4
Y o ulal @l s 4 il zlgel LSS g oSl e ol o
Skl e SOl a8 I 18 addllas 0550 Y 50 dle S S i
o cpl Jol Y el s eols flas T JSs yo gylad L Jl cos

"
TH P
> X 1 .

Fig. 3 A 1D micropolar cantilever rod subjected to a constant force and
moment

Sl Glas g 950 il o Va9, ol lS ale 3 S

12 T T T T
= = = - Present Method
Analytical Solurion

Al

,\Iorma\i;cd Time
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for the first example
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Fig. 8 Normalized stress at x = 0.4 of the micropolar rod for the

second example
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Fig. 9 Normalized stress at x = 0.6 of the micropolar rod for the
second example
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(b) Fig. 12 Transformation of the normalized stress along the rod at four
various times, for the third example
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