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Thin revolved shells, in particular doubly-curved shells, are of interest in many engineering 
applications.In this research, linear and nonlinear buckling analyses (with consideration of geometrical 
non-linearity) are performed on two different types of elliptical shells known as Oblate and Prolate 
which are under external hydrostatic pressure. These shells are made of homogeneous steel. ABAQUS 
(a well-known finite element software) is used for performing the simulations. Several important 
parameters affecting the buckling behaviour of these revolved elliptical shells are investigated in detail. 
These include the ratio between minor and major radii, the percentage of nonlinear buckling value and 
the shell thickness magnitude on buckling load capacity. The results show the significant effect of shell 
geometrical dimensions, the magnitude of nonlinear buckling value as an initial imperfection and the 
shell thickness variations on the buckling load capacity. Finally, it is also observed that the Oblate shell 
results in a remarkable reduction in the load capacity compared to the other shell type used in this study. 
To verify the validity of the results, a comparison is made between the present FEM results and the 
available theoretical studies and good agreement is obtained. 
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Fig. 1 Geometrical dimensions of Ellipsoid of revolution. 
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Fig. 3 Buckling Load-Displacement diagram: linear and nonlinear 
ways[17]  
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Fig. 2 Ellipsoids of revolution: (a) the oblate ellipsoid of revolution, (b) 
the sphere, (c) the prolate ellipsoid of revolution [16] 
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Fig. 4 Apportioning and meshing of Oblate ellipsoidal shell 
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Table  1 Convergence of FEM results with changing mesh size for 
spheroid shell. with h=3mm 

)m(  

  
)Pa(  

  
)Pa(  

%  
%  

 
 [1]= 2.2878e6  

0.08  2.30758e6  2.30948e6  -- 0.86 
0.05  2.29806e6  2.29910e6  0.41  0.45  
0.04  2.29263e6  2.29353e6  0.24  0.21  
0.03  2.28947e6  2.29001e6  0.14  0.07  
0.02  2.28587e6  2.28604e6  0.16  0.08  

0.015 2.28355e6 2.28365e6 0.10  0.19  
0.010 2.28284e6 2.28294e6 0.03  0.22  

Mesh size (m)
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

Pe
rc

en
t c

ha
ng

e 
in

 m
od

e 
I e

ig
en

va
lu

e (
%

)

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

 
Fig. 6 The percentage of variations mesh dependency between critical 
buckling mode I and mesh sizes for spheroid shell with h=3mm 
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Table  2 The results compared with FEM and analytical solution for 
Oblate ellipsoidal shell with h=3mm 

   
a/b>1  ) Pa(  )Pa(  cr

FEM
cr
Ext  %  

1.5  4.71e5 4.52e5  1.04 4.2  
2  1.50e5 1.43e5  1.05 4.9  

2.5  6.12e4 5.87e4  1.04 4.2  
3  2.91e4 2.83e4  1.03 4.5  

 

 3           
     0.003  

Table  3 The results compared with FEM and analytical solution for 
Prolate ellipsoidal shell with h=3mm 

   
b/a>1  ) Pa( ) Pa(  cr

FEM
cr
Ext %  

1.5  6.81e5  6.82e5  0.099 0.015 
2  3.49e5  3.50e5  0.098 0.028 

2.5  2.18e5  2.18e5  1.00 0.00 
3  1.50e5  1.50e5  1.00 0.00 
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Fig. 7 Effectiveness of geometrical variations for Oblate and Prolate 
ellipsoids on critical buckling mode 
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Table 4 Nonlinear results for Oblate shell with 10% imperfection  

  10 %  
a/b>1  LPF(  ) Pa(  %  

1.5  0.6090 2.750e5 39.1 
2  0.5851 8.37Ee4 41.5 

2.5  0.5848  3.43Ee4 41.5 
3  0.5813  1.65Ee4 42.0 
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Fig. 8 Non-dimensional buckling load-displacement (LPF) curve for 
Oblate ellipsoidal shell with 10% imperfection 
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Table 5 Nonlinear results for Prolate shell with 10% imperfection  

  10 %  
b/a>1  LPF(  ) Pa(  %  

1.5  0.7912 5.39e5 21.00 
2  0.8655 3.02e5 13.70 

2.5  0.8947 1.95e5 10.53 
3  0.9110 1.37e5 8.90 
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Fig. 9 Non-dimensional buckling load-displacement (LPF) curve for 
Prolate ellipsoidal shell with 10% imperfection 
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Fig. 10 Buckling modes, von-mises and maximum principle stresses 
and displacement for Oblate ellipsoidal shell with a/b=2 and h= 3mm 
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Fig. 11 Buckling modes, von-mises and maximum principle stresses 
and displacement for Prolate ellipsoidal shell with b/a=2 and h= 3mm 
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 6              
 a/b=2 3mm 

Table  6 The results of nonlinear buckling analysis with various initial 
imperfection for Oblate ellipsoidal shell; a/b=2, h=3mm 

-3   
 %

  
LPF(  

)Pa(  
%  

%
  

5  0.6967  99628.1 30.3 0 
20  0.4514  64550.2 54.9 35 
50  0.2922  41784.6 70.8 58 
70  0.2914  41670.2 70.9 58 

 7            
  b/a=2 3mm 

Table  7 The results of nonlinear buckling analysis with various initial 
imperfection for Prolate ellipsoidal shell; b/a=2, h=3mm 

-3   
 %

  
LPF(  

)Pa(  
%  

%
  

5  0.9218 3.23e5 7.82 0 
20  0.7372 2.58e5 26.3 20 
50  0.5630 1.97e5 43.7 39 
70  0.4659 1.63e5 53.4 50 
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Fig. 13 The effects of imperfection (Imp) on buckling load capacity for 
both Oblate and Prolate ellipsoidal shells 
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in load-displacement (LPF) curve for both Oblate ellipsoidal shell 
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8                a/b=1.5 6mm 
Table 8 The results of linear & nonlinear buckling analysis with various initial imperfection for Oblate ellipsoidal shell; a/b=1.5, h=6mm 

a/b=1.5, h=0.006(m)  %  LPF(  ) Pa(  %  %  
:

  )Pa(  

 
)Pa(  2 0.8089 1.46e6 19.3 0 

1.9e6 1.81e6 5 0.6889 1.25e6 31.0 14 

  10 0.6000 1.086e6 40.0 26 

9               a/b=3 6mm 
Table 9 The results of linear & nonlinear buckling analysis with various initial imperfection for Oblate ellipsoidal shell; a/b=3, h=6mm 

a/b=3, h=0.006(m)   %  LPF(  ) Pa(  %  %  
  :

  )Pa(  
 )Pa(  2 0.8126 91823.8 18.74 0 

1.2e5 1.13e5 5 0.7204 81405.2 27.96 11 

  10 0.6208 70150.4 37.92 24 

10              b/a=1.5 6mm  
Table 10 The results of linear & nonlinear buckling analysis with various initial imperfection for Prolate ellipsoidal shell; b/a=1.5, h=6mm 

: b/a=1.5, h=0.006(m)  %  LPF(  ) Pa(  %  %  
  :

  )Pa(  

 
)Pa(  2 0.9177 2.54e6 8.3 0 

2.76e6 2.77e6 5 0.8219 2.28e6 17.7 10 

  10 0.7698 2.13e6 23.10 16 

11              b/a=3 6mm 
Table 11 The results of linear & nonlinear buckling analysis with various initial imperfection for Prolate ellipsoidal shell; b/a=3, h=6mm 

: b/a=3, h=0.006(m)  %  LPF(  ) Pa(  %  %  
  :

  )Pa(  

 
)Pa(  2 0.9710 6.10e5 2.96 0 

6.2742e5 6.2861e5 5 0.9445 5.94e5 5.51 3 

  10 0.9093 5.72e5 9.01 6 

       

 . 
 10 %

3 5 
  .

 .
  

    .
  "  16  19"    -     

LPF  .   
" 18 19" ) 

  (
  

"16 17" 
            

 6  " 20"           .
            

        a/b=1.5 ,b/a=1.5

   a/b=3  ,b/a=3  .      
      b/a=1.5 . 

 ) a b( 
    

Arc-length
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

Lo
ad

 p
ro

po
rti

on
ali

ty
 fa

ct
or

 (L
PF

)

0.0

0.2

0.4

0.6

0.8

1.0

Imp=%2*h
Imp=%5*h
Imp=%10*h

a/b=1.5
h=0.006(m)

limited point

collapse zone

Fig. 16 Non-dimensional buckling load-displacement (LPF) curve with 
three kind of percentage initial imperfection for Oblate ellipsoidal shell 
with a/b=1.5 and 6mm thickness 
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Fig. 17 Non-dimensional buckling load-displacement (LPF) curve with 
three kind of percentage initial imperfection for Oblate ellipsoidal shell 
with a/b=3 and 6mm thickness 
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Fig. 18 Non-dimensional buckling load-displacement (LPF) curve with 
three kind of percentage initial imperfection for Prolate ellipsoidal shell 
with b/a=1.5 and 6mm thickness 
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Fig. 19 Non-dimensional buckling load-displacement (LPF) curve with 
three kind of percentage initial imprefection for Oblate ellipsoidal shell 
with b/a=3 and 6mm thickness 
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Fig. 20 Variations of buckling load capacity for a range of initial 
imperfection (Imp) for both Oblate and Prolate shells with h= 6mm  
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