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Closed-form solution of circular and annular plates with elastic boundary
conditions under non-uniform normal and shear loads
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ARTICLE INFORMATION ABSTRACT

Original Research Paper In this study, a simple and efficient closed form solution for bending and stress analysis of functionally
Received 17 February 2016 graded circular and annular plates with elastic boundary conditions is presented based on the first order
Accepted 01 May 2016 shear deformation theory (FSDT). By using the presented solution procedure, functionally graded plates
Auvailable Online 11 June 2016 . . . S

subjected to arbitrary non-uniformly distributed normal and shear loads may be analyzed and all of the
stresses components can be accurately achieved. Shear loads may be imposed on the top and bottom

Keywords: . I . ) .

C,stgd_form Solution surfaces of plate. By using the constitutive equations based on the first-order shear deformation theory,
Bending the transverse shear stress components cannot be obtained correctly and constant through-the-thickness
Stress distributions will be extracted. So, to achieve the transverse normal and shear stress components in the

Elastic edges

Functionally graded plate proposed solution procedure, the three dimensional theory of elasticity is applied. To establish the

accuracy and efficiency of the proposed approach, the obtained results are compared with other
available published results and results of the three-dimensional theory of elasticity extracted from the
ABAQUS software based on the finite element method (as the most exact method). Comparisons show
that the obtained results are very accurate, while it is computationally much more economic than the
three-dimensional elasticity approach. Also, transverse normal and shear stresses boundary conditions
on the top and bottom surfaces of the plate are exactly satisfied, even for a complicated loading, when
the non-uniform normal and shear loads are imposed simultaneously on the top and bottom surfaces of
plate and transverse stresses boundary conditions on these surfaces are non-zero.
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Fig. 1 Model of a circular/annular plate with elastic boundary
conditions under non-uniform loads .
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Table 3 Non-dimensional center deflections of circular plates for
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Fig. 4 Stresses of clamped FG circular plate under non-uniform
normal load (a) radial stress and (b) transverse shear stress
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Lo )lél“f 6'°)“° kﬁ)5 Cualso hsL"“‘)I) » M‘uﬁ k)“'“ )L‘M &)93 7 Jm
Goges CHIES é 6,135

SIELL Cod il 5y9 (Shn 5 g Sl pbulr (oye Slpis
Cg> 45 ogd e odalie el sal cols lis 10 JSG o goges
i gl Gbly )0 (phe (Shp BB eizes g (Sl Glaglulr
goba ot Jlosl (8 NS L sl (B AT (2250 @y S 0
Slog s plojer UL lp Grizen 5 11 USE 0 o) g O,
Lyl as aes o olid mli wwleads &l 12 IS 0 by g (g0ges
S5 ens S S ol ok Y aled o ol shan o GSp i
P 52 s $ln S laddod cul Jloys3 2V Sl 280
el yitne 55 11 S5 ol 0005 0l ()5 USS (sl 5 U3 i
Lulys s sloceS s @lp ool @l Jo 8 (pu)n jshaie &
P g B slaje o it g b b Gy S sy

6 o leis16 0,55 1395 ) gy pieds e Slle Gwiao

w2 on 5 (o 5 osae s (A mas) o 5,

2 LSS e gogee L S Bys Gly e B GRS Jlre
Soge & Gys bl plad 0 (rizen 5 T USE 0 5y Culs sl
Siloas eols Lis 8 IS j0 gamdw oles

odalice Sl iy Gmsy mhe 0 Gy e Sl @ g L
B30 )y mg) g 53 5 oTAST ;0 > S oS 995 o0

Sl 359 4 by po gl -2-4

a4 ol glad cos b saile 559 sl Caand cpl j0 00l &Ll il
@ Jd 5y alie ool Jlesl slag)l38 )L .l ous @il 0.2 =15
3 Gl GBS L sl 55 b alie SIS Oypm
ool Jlogl Ly g (s090e LSL‘%S)‘;@)L.'M“S&J[’ b5 g
3,lge ailie .l ous l,19 IS jo ols (18 g g mg, ek
ool gy s 2 )y (B2 59 3 (BB 2S5l S G

36



IRGlede Joxo )19 §390L DAIIS kSl )1 T Sl GBS AL b Seila 9 slo IS Sl Gy Al )8 S
0.1 as L4
. \\ |I\
0.08 \\ ‘ﬁ
0.06 \ l FSDT (Exact)
=03 <ot
0.04 r=06 ==
r=09 -a--
0.02
| 3D (FEM)
=03 —
-0.02 a = gg - o‘v/ﬁ 0
=0 —
-0.04 \‘g\
-0.06 \‘g\
-0.08 \‘q_\
-0.1 VA L L n
0.2 -0.15 0.1 -0.05 0 0.05 0.1 0.15 0.2 z
u
(a) Fig. 8 3D plots for distribution of the von Mises stress criteria for
&) clamped circular plates under non-uniform normal load
0.1 N o l0 05 Slonld (89 Sl jeem 58 AT Jlere @398 ) saman (2l B SIS
\ . . =
0.08 \\‘ e . o
\\
0.06 FSDT (Exact) \'\ 0.2
r= O 3 ol
S FTETE T
0.04 - % ok / ‘\\‘\\‘\
0.02 r=09 -e- l )
/ j
4 0 3D (FEM) )
i) — -0.1
0.02 =03 /
r=06 == /
0.04 r=09 —- ,/ -0.2p FSDT (Exact)
w q=f(r), ;=T=0 -
0.06 / 03 q=f(r). =Ty
/’ ];:f(r),qubzo -
0.08 3 0.4} B =/(),q=T,=0 -=--
/
01 4 2 0 2 4 6 0.5 3D (FEM) :
7,,/q 4=, 5 =T=0 —
(b) 0.6+ L=/(r),q=T;=0 - -
- ol d o ML e i ol
Fig. 10 (a) Radial displacement and (b) transverse shear stress of FG G 02 04 0.6 0.8 1

annular plate with clamped boundary conditions under non-uniform
normal load

b aisdon (s5il> (3,5 (o258 p o5 (0 5 o olowl> (1 10 S
CSgSs e (69508 (5,105, o 10,5 slholSaSs
50 00game 1 il e, 8-oll el i iy CSlie @ Sl s S
ol JIAT 50 A3 e 5l i Jds ek 4y g 00gy i (25
3o Baly lyl o (55 (sl o Al o 45 s ol
el 9555 50 YL Ly o )
$oges SISl oS el By Slp e AE ke
et Dygo 4y ool ) g Jl0 T (A3 GledFaSs L eSS e
Gl gamdn slale yumen wiloads ool las 15 IS jo (gomdw
ol oo 81,116 S 0 a3 o 118 g jls - 0lT alFaSS Loyl
SIS Gy g &) Cand gy e j0 S a5 00 )5 o0 oanlin
CJ““)‘))““"“&‘““QPﬁf“ 4..54&\&,.1.:.\.‘...:1.\& L;J.'lf)}.; polido
9 Senlys izl gy i oy 3590 Ainne 50 1) ablbise )

37

r
Fig. 9 Deflections of FG annular plate with clamped boundary
conditions under non-uniform normal and shear loads
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boundary conditions under non-uniform normal and shear loads
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Fig. 11 Transverse shear stresses of FG annular plate with clamped
boundary conditions under non-uniform shear load imposed on the (a)
top surface and (b) bottom surface

L;ad)laﬁf ‘SLmalfA.:SJ L KEPERVY 65‘6'1"’ 3,9 sa]c 6..;)4 6L"’u‘“‘ 11 ‘i&
oy g (0 5 Oms) o () 2 3)ly S350 2é (50 (5350

ol Sl BASS Lylii b oGy slp a5 00,5 o cdnlin
Ll b By sl omims 83 o 5 (Jo68) 3 oS5 o ST
o yS oA jo gSlas s 5 okl g o, S-olil a8 ass
=108 5yg 50 oEASS lylo Al og iSxeS e a Lol o] oo S92
bl SliF 0,8 5,9 50 alciug S oS0l 5 4 Caws ol

el 0150131 Gy9 51 55,50 (o lade

GM R0 9 (8 5 4o -5
ool dil)l ool g rio jlon Djg0 4y B35S Ay 08 Jo G Alie ol o
O 5 G5 el 4 ol e Gllre anie Sy LU
ool &l o bl cews siedan b Ken gail> g sloply sl
slais b shy 5 @oses Gl sl L Ll o Ll

38



IRAeNe Joxo

G2 9 53908 Al pat S xS Sl SRl ALT b sgitla 9 Sl il LG9 Al 33 Ja

0,/q

400
300
0,/q

200

100

(b)

()
Fig. 16 3D plots for distribution of the von Mises stress criteria for
annular plate under non-uniform normal load with (a) free-clamped and
(b) clamped-free boundary conditions

Cod goil> 3y9 (gl e B T jlae mje Sl gaman ol 16 GG

i o8 () 5 oS0l (M) (sa50e 23 piss e (635 )L

&l -6

[1] J. Z. Luo, T. G. Liu, T. Zhang, Three-dimensional linear analysis for
composite axially symmetrical circular plates, International Journal of Solids
and Structures, Vol. 41, No. 14, pp. 3689-3706, 2004.

[2] W. Yun, X. Ronggiao, D. Haojiang, Three-dimensional solution of
axisymmetric bending of functionally graded circular plates, Composite
Structures, Vol. 92, No. 7, pp. 1683-1693, 2010.

[3] G. Nie, Z. Zhong, Axisymmetric bending of two-directional functionally
graded circular and annular plates, Acta Mechanica Solida Sinica, Vol. 20,
No. 4, pp. 289-295, 2007.

[4] J. N. Reddy, C. M. Wang, S. Kitipornchai, Axisymmetric bending of
functionally graded circular and annular plates, European Journal of
Mechanics A/Solids, Vol. 18, No. 2, pp. 185-199, 1999.

[5] A. Nosier, F. Fallah, , Reformulation of Mindlin-Reissner governing
equations of functionally graded circular plates, Acta Mechanica, Vol. 198,
No. 3, pp. 209-233, 2008.

[6] M. M. Alipour, M. Shariyat, Stress analysis of two-directional FGM
moderately mhick constrained circular plates with non-uniform load and

substrate stiffness distributions, Journal of Solid Mechanics, Vol. 2,No. 4, pp.

39

2
1}
FSDT (Exact)
ol 4= =Tp=0 -
L=f(),q=T;=0 -+
b B=0).¢==0-o--
w
2t
) 3D (FEM)
(I=f(r),7}=]2)=0 —
N L=f0),q=T=0 - -
B =f("),q=T;=0 — -
-5 “ X ; :
' " 04 . 06 0.3 ]
(@)
()
8
ns
(1] 3
4}
FSDT (Exact)
3 g=10). =T=0 o
w

12k T=f(0).q=T,=0 -+
T,=f("),q=T,=0 -=--
-16 F
3D (FEM)

20r 9=/, 5 =5=0 —
L=/().q=5=0 - -

24
Iy=f(1),q=T;=0 — - N
28
0 0.2 04 06 0.8 1
(b)
(<)

Fig. 14 Deflections of FG annular plate under non-uniform normal and
shear loads with (a) free-clamped and (b) clamped-free boundary
conditions
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