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 In this paper, the fracture trajectory in blunt V-notched specimens under mixed mode loading is 
investigated by using two numerical approaches: 1) the extended finite element method (XFEM), 2) the 
incremental method. The first approach is an extended form of the finite element method in which the 
fracture takes place and grows according to the cohesive zone model. The second one is also an 
increment approach in which the fracture initiation angle for notched specimen is first determined 
according to the concept of the maximum tangential stress (MTS) criterion. Afterward, a small crack is 
added to the notched specimen along the fracture direction and then a new cracked specimen is 
generated. In the next step, the fracture initiation angle is calculated from MTS criterion and another 
small crack is again added to the cracked specimen. These steps are continued until the crack reaches to 
the back boundary. To evaluate these methods, the fracture paths of the rounded-tip V-notched Brazilian 
disk (RV-BD) specimens under mixed mode loading are predicted by both XFEM and incremental 
method. It is shown that the incremental method can provide estimates more accurately than XFEM for 
the fracture initiation angle of the notched samples. It is also demonstrated that both methods can 
predict the fracture trajectory in good agreement with the experimental results. 

Keywords: 
Fracture path 
Blunt V-notch 
Fracture initiation angle 
Extended finite element method 
Incremental method 

 

  

1 -   
 

 .
  

 .
 

 

 .
]1 [V 

 V



    

      V      I/II      

  

162  1395163  

  V .
V

 .V 
] 2 .[

 .
 -

 .

 ]3 [2002 
  

 .

 :1 (
2 (3 .  (

 .

 ] 4[1 ]5[2CGS ]6[
]  7[

] 8 [  ] 9 [  
 

3 ] 10[
H 

]11[]12[
H  ]13[ 

]14[]15[ 
V U 

  

 .

  I  .
] 16[

] 17] [18[
] 19]  [20]  [21,22 [

] 23 .  [

 .
V

I 

1 Caustics 
2 Coherent Gradient Sensing 
3 Boundary Collocation 

 ] 24   .  [
VI 

] 25 [  
I/II

 .
]26[ 

I  .
]14[ 

II  .
]27[

]28,29[ 
 .

2007 GSED4 ]30[
) II  (

 .
]31[ 

  .
]12[ ]32[ 

V  

 
  .

 
 .

 
 .

  
 

 
  

   -
 .

 . 
5  .

    .
6  .

4 Generalized strain energy density 
5 Extended finite element method (XFEM) 
6 Cohesive zone model 



    

      V      I/II       

1395163  163  

  .V
 .

V
 .

  -
 .

 .

 XFEM   

2 - V  

V
  

  

2-1 - V  
V

] 3 .  [
 )  =0 mm(

]1 [ .1 V
 .

1  
 V

 r0 
) 1 ()  .1(

2    

)1( =
2

2 2  

I/II ]  3 [
) 2 (  

=
, ( )

( )
)

+
( )
( )

)
+

2

)
( )
( )

+
)

( )
( )

 

)2(  

KI
V, KII

V, 
I II mij nij  

 -]  33 .[
121µ 2µ 

] 33  .[
 

 .
] 33 [  

  
Fig. 1 Round-tip V-notch and its polar coordinate system. 
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Fig. 3 The schematic of the RV-BD specimen. 
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Table 1 The physical and mechanical properties of tested graphite [47]. 
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Fig. 4 A sample of load–displacement curve obtained from V-notched 
graphite specimen [47]. 
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Table 2 The specimen dimensions and the mean fracture loads for the 
RV-BD graphite samples [47]. 

 
  

)2( 
  

)mm( )( 

) Pf(  
)N( 

I 30° 1 0° 2023 
I/II 30° 1 10° 2085 

II 30° 1 25° 2190 
I 60° 1 0° 1439 

I/II 60° 1 15° 1654 
II 60° 1 30° 2040 
I 90° 1 0° 909 

I/II 90° 1 15° 1153 
II 90° 1 35° 2396 
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Table 3 The required parameters for cohesive zone model 
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Fig. 5 The load–displacement of load point curves for RV-BD with 
2 =60° and different mode mixities obtained from XFEM. 
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Table 4 Comparison of fracture loads obtained from XFEM and 
experiments 

  
 ) 2( 

) (  
)mm( 

)( 
]47 [)N( 

XFEM  
)N( (%)  

30° 1 0° 2023 1882 6.93 
30° 1 10° 2085 1846 11.46 
30° 1 25° 2190 1773 19.04 
60° 1 0° 1439 1430 0.66 
60° 1 15° 1654 1553 6.12 
60° 1 30° 2040 1955 4.15 
90° 1 0° 909 860 5.48 
90° 1 15° 1153 1014 12.1 
90° 1 35° 2396 2382 0.59 
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Fig. 6 The typical mesh pattern used for modeling the RV-BD 
specimens together with the crack tip mesh pattern. 
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Table 5 The stress intensity factors and crack initiation angles for RV-
BD sample with 2 =90° and =15obtained in each increment. 

 KI  
(MPa. m) 

KII  
(MPa. m) 

0 
 degrees) 

1 4.28 -0.0104 -0.28 
2 4.98 0.29 -7.6 
3 0.33 0.0238 -8.08 
4 5.89 -0.84 15.7 
5 6.35 -0.89 15.49 
6 6.68 1.78 -26.8 
7 7.92 0.29 -4.3 
8 8.54 -0.59 7.7 
9 9.44 0.48 -5.81 

 

  
Fig.  7 The fracture trajectory of RV-BD with 2 =30° under mixed 
mode loading ( =10°) obtained from XFEM. 
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(a) 
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(c) 

Fig. 8 The fracture trajectory of RV-BD with 2 =30° under a) pure 
mode I ( =0°), b) mixed mode I/II ( =10°), c) pure mode II loading 
( =25°) obtained from XFEM, incremental method and experiments. 
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Table 6 The comparison of the fracture initiation angles predicted by 
XFEM and RV-MTS. 

)2( )( 
  

)( 
]47[ 

XFEM 

  
RV-MTS  

]47[ 
30° 1 10° 44° 39° 42° 
30° 1 25° 60° 78° 58° 
60° 1 15° 38° 31° 42° 
60° 1 30° 56° 63° 53° 
90° 1 15° 28° 41° 31° 
90° 1 35° 52° 74° 49° 

  

  
Fig.  9 The fracture trajectory of RV-BD with 2 =60° under mixed 
mode loading (b=15°) obtained from XFEM. 
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(a) 

  
(b) 

 
(c) 

Fig. 10 The fracture trajectory of RV-BD with 2 =60° under a) pure 
mode  I  ( =0°), b) mixed mode I/II ( =15°), c) pure mode II loading 
( =30°) obtained from XFEM, incremental method and experiments. 
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Fig. 11 The fracture trajectory of RV-BD with 2 =90° under mixed 
mode loading ( =15°) obtained from XFEM. 
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Fig. 12 The fracture trajectory of RV-BD with 2 =90° under a) pure 
mode  I  ( =0°), b) mixed mode I/II ( =15°), c) pure mode II loading 
( =35°) obtained from XFEM, incremental method and experiments. 
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Table A1 The symbols used for simplifying the mathematical equations 
for rounded V-notch [35]. 

  
P  
Q  

H ,  

L 1
[1 + + (1 )] 

M 4( 1)[1 + + (1 )] 

N 1
[1 + (1 + )] 

O 4( 1)[1 + (1 + )] 

S 1  

R 1 +  
U 1  

T 1 +  

W 1  
V 1 +  
Y 1  
X 1 +  
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4( 1)[1 + + (1 )]
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