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 In this paper, the effects of the addition of an active toe joint on a 2D humanoid robot with heel-off and 
toe-off motions are studied. To this end, the trajectories of joints and links are designed first. After gait 
planning, the dynamic model of the humanoid robot in different phases of motion is derived using Kane 
and Lagrange methods. Then, the veracity of the derived dynamic model is demonstrated by two 
different methods. The under-study model is in accordance with the features of SURENA III, which is a 
humanoid robot designed and fabricated at the Center of Advanced Systems and Technologies (CAST) 
located in University of Tehran. Afterward, the optimization procedure is done by selection of two 
different goal functions; one of them minimizes the energy consumption and the other maximizes the 
stability of the robot. At last, the obtained results are presented. According to the results, there is an 
optimum value for heel-off and toe-off angles in each velocity which minimizes the consumption of 
energy. The results also show that, the heel-off angle does not have any significant effects on the 
stability of the robot while increasing the toe-off angle improves the stability of motion. Finally, the 
effects of mass and length of the toe joint is inspected. These inspections suggest that heavier toe joints 
cause an increase in both energy consumption and stability of the robot while increasing the length of 
the toe joint does not have any effects on both goal functions. 
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Fig. 1 The schematic picture of the 2D model of the under-study robot  
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Table 1 Length of the links 
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Table 2 Mass of the links 
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Table 3 Moment of inertia of the links 
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Table 4 The parameters of path planning 
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Fig. 2 The graphical view of the path planning parameters and different phases of motion 
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Fig. 3 The geometrical explanation of the equation 6 
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Fig. 4 Angular trajectory of joints 
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Fig. 5 Angular velocity of joints 
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Fig. 6 Angular acceleration of joints 
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Fig. 7 Angular jerk of joints 
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Fig. 8 Position of joints in x direction 
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Fig. 9 Position of joints in z direction 
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5   
Table 5 Dynamic equations for different phases of the robot motion 
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Table 6 Optimization parameters 
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Fig. 10 calculation of zero moment point on the basis of kinematics and 
reaction forces 

10   



    

                        

1395163  95  

 .
 .

 
 .18    

(18) < 0 
2 (1 :

 .
19    

(19) < 0 0 
3 :  (

 .20   

(20) 

max
:

> max
max

:
> max 0 

4 (2 : 
 
 .

21    

(21) 
<
>

0 ; = 1: 8 

5 :  ( 
  

  .22   

(22) 
> 0
> 0 0 

5 -   
  .

    .
 

  34  ... 
 .  

  

  
 .0.5 

11 12   

0.5   
 = 7 = 2  

 = 27  
 

  
  

1 Foot impact 
2 Joint range of motion (RoM) constraint 
3 Cross over 
4 mutation  

 

Fig. 11 the effects of heel-off and toe-off motions on the objective 
function of energy consumption  
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Fig. 12 the effects of heel-off and toe-off motions on the objective 
function of stability 
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Fig. 13 the effects of mass and length of toe on the objective function 
of energy consumption 
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Fig. 14 the effects of mass and length of toe on the objective function 
of stability 
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